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1. Introduction
The idea of entanglement has been discussed in the context of the AdS/CFT
correspondence [1–3], which relates a conformal field theory (CFT) in Minkowski
spacetime and a gravitational theory in higher dimensional anti de Sitter (AdS)
spacetime. In particular, Ryu and Takayanagi proposed a direct connection be-
tween the entanglement entropy of a CFT to a dual bulk geometry [4,5], which was
generalized to a covariant form in [6]. (For reviews see [7, 8].)
Recently, the entanglement entropy has been used to understand how the bulk
gravitational dynamics is obtained from a CFT [9–24]. In [11, 13] the linearized
field equation of the gravitational field around AdS spacetime was derived from a
property of the entanglement entropy of the CFT. The entanglement entropy satisfies
the entanglement first law [25], which relates a variation of the entanglement entropy
and that of the expectation value of the modular Hamiltonian. By rewriting this
relation in terms of the bulk gravitational field by the AdS/CFT correspondence one
obtains a constraint on the gravitational field, which turns out to be the linearized
field equation.
The purpose of this paper is to extend the result of [11, 13] and show that lin-
earized field equations of vector and antisymmetric tensor gauge fields also can be
derived from the entanglement first law. Since gravitational theories dual to CFTs,
such as supergravity and superstring theories, contain fields other than the gravita-
tional field, it is natural to consider a possibility to derive their field equations from
the entanglement first law.
To derive the linearized field equation of a vector field we consider a CFT with
a conserved U(1) current Jµ. In the AdS/CFT correspondence the boundary value
of the bulk vector field plays a role of a source for this current. Using the charge of
this current we can define the charged entanglement entropy [26–28], which satisfies
the entanglement first law similar to the first law of thermodynamics for a grand
canonical ensemble. By rewriting the first law in terms of the bulk fields we obtain
the linearized field equations of the vector field as well as the gravitational field. To
rewrite the first law in terms of the bulk fields we follow the approach of [13], which
uses the Noether charge of local symmetries of the bulk theory. In [13] the Noether
charge for a coordinate transformation by a Killing vector was used. In that case
the field equation of only the gravitational field was obtained. Even when matter
fields are present in the bulk theory, they contribute to the first law only at higher
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orders in perturbations and their linearized field equations are not obtained. In our
work we consider a U(1) gauge transformation of the vector field which preserves the
background configuration in addition to the coordinate transformation. This allows
us to obtain the linearized field equation of the vector field from the entanglement
first law. In this calculation we find that the entanglement entropy expressed by the
bulk fields (3.26) has an extra term depending on the vector field in addition to the
Ryu–Takayanagi formula proportional to the area of the extremal surface.
The discussion for a vector field can be generalized to the case of an antisym-
metric tensor field. By considering a CFT with conserved antisymmetric tensor
current Jµ1···µn we obtain the linearized field equation of an n-th rank antisymmet-
ric tensor field from the entanglement first law. The charged entanglement entropy
(4.16) contains a term depending on the antisymmetric tensor field in addition to
the Ryu–Takayanagi formula.
The organization of this paper is as follows. In the next section we discuss the
charged entanglement entropy of a CFT and the entanglement first law. In section
3 we consider a bulk theory consisting of a gravitational field and a vector field.
We rewrite the entanglement first law in terms of the bulk fields, from which the
linearized field equations are derived. In section 4 the linearized field equation of an
antisymmetric tensor field is derived from the entanglement first law in a similar way.
We conclude in section 5. In appendix A we discuss the holographic renormalization
of an antisymmetric tensor field and derive a formula for the one-point function of
the CFT current, which we use in the text.
2. Charged entanglement entropy
We consider a CFT in d-dimensional flat Minkowski spacetime, which has an
energy-momentum tensor Tµν and a U(1) current J
µ satisfying
∂µT
µν = 0, Tµ
µ = 0, ∂µJ
µ = 0. (2.1)
We assume that this CFT is dual to a (d + 1)-dimensional classical gravitational
theory as discussed in the next section. In order to define the entanglement entropy
in the CFT we choose a CFT state |ψ〉 and a region B on a time slice t = t0. As
in [29, 11, 13] we consider the case in which B is a ball of radius R centered at a
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spatial point xi0 (i = 1, 2, · · · , d− 1). The state of the region B is described by the
reduced density matrix
ρB = trB¯ ρtotal =
e−HB
trB(e−HB)
, (2.2)
where ρtotal = |ψ〉 〈ψ| is the pure density matrix of the full system corresponding
to the state |ψ〉, and trB¯ means tracing over states in B¯, the complement of B on
the time slice t = t0. The density matrix ρB can be expressed by the operator HB
called the modular Hamiltonian as in (2.2). The entanglement entropy is defined
as the von Neumann entropy of this reduced density matrix SB = − trB (ρB log ρB).
Using the charge of the U(1) current Jµ we can also define the charged entanglement
entropy [26–28]. We first introduce a new density matrix
ρB(µ) =
e−HB+µQB
trB(e−HB+µQB)
, (2.3)
where
QB =
∫
B
dd−1x J0 (2.4)
is the charge operator in B and µ is a constant. Then, the charged entanglement
entropy is defined as
SB(µ) = − trB [ρB(µ) log ρB(µ)] . (2.5)
Now, consider an infinitesimal variation of the CFT state |ψ〉 → |ψ〉+|δψ〉, which
induces a variation of ρB(µ). The first order variation of the charged entanglement
entropy (2.5) then gives the first law of the entanglement
δSB(µ) = δ 〈HB〉 − µ δ 〈QB〉 , (2.6)
where HB is the unperturbed modular Hamiltonian, and the expectation value of a
operator O in B is defined as
〈O〉 ≡ trB (ρB(µ)O) = 〈ψ| eµQBO |ψ〉 . (2.7)
The first law (2.6) resembles the first law of thermodynamics for a grand canonical
ensemble. The constant µ corresponds to a chemical potential in thermodynamics.
In the following we consider the case in which the unperturbed state |ψ〉 is the
CFT vacuum |0〉. We will show in the next section that the first law (2.6) leads to
linearized field equations of bulk gravitational and vector fields.
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The modular Hamiltonian HB is known when the CFT state is the vacuum
|ψ〉 = |0〉 and B is the ball-shaped region of radius R. It is given by
HB = 2pi
∫
B
dd−1x
R2 − (xi − xi0)2
2R
T00, (2.8)
where T00 is the 00 component of the energy-momentum tensor Tµν . This for-
mula was obtained in [29] as follows. By a conformal transformation the causal
development of the region B in d-dimensional Minkowski spacetime is mapped to a
hyperbolic cylinder R ×Hd−1, where Hd−1 is a (d − 1)-dimensional hyperboloid of
curvature radius R, and R represents time. The modular Hamiltonian HB in (2.8)
and the charge operator QB in (2.4) are obtained from the Hamiltonian H and the
charge operator Q in the hyperbolic cylinder as
HB = 2piRU
−1HU, QB = U−1QU, (2.9)
where U is the unitary operator which implements the conformal transformation.
The density matrix (2.3) is then related to the thermal density matrix in the hyper-
bolic cylinder with temperature T = (2piR)−1 and chemical potential µ as
ρB(µ) = U
−1 e
−H/T+µQ
tr(e−H/T+µQ)
U. (2.10)
Therefore, the charged entanglement entropy (2.5) is equal to the thermal entropy of
the CFT in the hyperbolic cylinder. By the AdS/CFT correspondence this thermal
entropy can be calculated as the entropy of a black hole with a hyperbolic horizon
in the bulk. This was done in [13] for the case µ = 0 by using Wald’s formula of the
horizon entropy [30,31]. We will generalize it to the case µ 6= 0 in the next section.
3. Linearized field equations
In this section we first rewrite each side of the entanglement first law (2.6) in terms
of bulk fields by the AdS/CFT correspondence. Then, the first law will require that
perturbations of the bulk fields corresponding to the variation of the CFT state
|δψ〉 should satisfy linearized field equations. This was shown in [11,13] for the bulk
gravitational field in the case µ = 0. We will generalize that result by introducing a
bulk vector field corresponding to the CFT current Jµ. The entanglement first law
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will then require that perturbations of the vector field as well as the gravitational
field should satisfy linearized field equations.
The Lagrangian for the gravitational field gab and a U(1) gauge field Aa in (d+1)-
dimensional bulk spacetime is∗
L = 1
16pi
√−g
(
R +
d(d− 1)
l2
)
− 1
4
√−gFabF ab, (3.1)
where l is a constant characterizing the cosmological constant. We have chosen the
gravitational constant as G = 1 for simplicity. Under general variations of the fields
the Lagrangian changes as
δL = 1
16pi
√−g (δgabEab + 16piδAaEa +∇ava) , (3.2)
where
Eab = Rab − 1
2
gabR− d(d− 1)
2l2
gab − 8piT bulkab ,
Ea = ∇bF ba,
T bulkab = FacFb
c − 1
4
gabFcdF
cd,
va = ∇bδgab − gcd∇aδgcd − 16piFabδAb. (3.3)
Eab = 0 and E
a = 0 are the field equations of gab and Aa respectively with T
bulk
ab
being the energy-momentum tensor of the vector field. Under general coordinate
transformations and U(1) gauge transformations
δξgab = ∇aξb +∇bξa,
δξAa = ξ
b∂bAa + ∂aξ
bAb + ∂aξ, (3.4)
the Lagrangian is invariant up to a total divergence
δξL = ∂a (ξaL) . (3.5)
To find a bulk representation of each side of (2.6) we first consider the Noether
current corresponding to the local symmetry transformations (3.4) following [30–33].
The Noether current is
Ja =
1
16pi
v¯a − ξa L√−g , (3.6)
∗We use a, b, · · · = 0, 1, · · · , d for (d+ 1)-dimensional coordinate indices.
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where v¯a is given by va in (3.3) with δgab, δAa replaced by δξgab, δξAa in (3.4). By
(3.2) and (3.5) Ja satisfies
∇aJa = − 1
16pi
δξg
abEab − δξAaEa (3.7)
and therefore is divergence free on-shell, i.e., when the field equations Eab = 0,
Ea = 0 are satisfied. As discussed in [34–36] we can construct a new current J˜a
which coincides with Ja on-shell and is divergence free off-shell. Indeed, the right-
hand side of (3.7) can be written as a divergence ∇aSa, where
Sa =
1
8pi
ξbE
ab − (ξ · A+ ξ)Ea, (3.8)
and the new current J˜a = Ja−Sa satisfies ∇aJ˜a = 0 off-shell. Since Sa = 0 on-shell,
J˜a coincides with Ja on-shell. In terms of differential forms ∇aJ˜a = 0 can be written
as†
dJ˜ = 0, J˜ = J˜ b b, (3.9)
and we find that J˜ is an exact form J˜ = dQ, where
Q =
[
− 1
16pi
∇bξc − 1
2
(ξ · A+ ξ)F bc
]
bc. (3.10)
In (3.9), (3.10) we used the notation
b =
1
d!
ba1···ad dx
a1 ∧ · · · ∧ dxad ,
bc =
1
(d− 1)! bca1···ad−1 dx
a1 ∧ · · · ∧ dxad−1 , (3.11)
where a1···ad−1 is the totally antisymmetric tensor with non-vanishing components
±√−g.
We then split the fields as gab → gab + δgab, Aa → Aa + δAa, where gab, Aa
are background fields satisfying the field equations Eab = 0 and E
a = 0, and δgab,
δAa are small perturbations around the background. In the setting of the CFT
in the previous section the background corresponds to the vacuum |ψ〉 = |0〉 and
the perturbations correspond to an infinitesimal variation of the state |δψ〉. The
background corresponding to the CFT vacuum is the AdS metric and a gauge field
with vanishing field strength:
gabdx
adxb =
l2
z2
(
dz2 + ηµνdx
µdxν
)
, Fab = 0. (3.12)
†We use boldface letters to denote differential forms.
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Here, the coordinate z takes values z > 0, and the AdS boundary at infinity z = 0
corresponds to the Minkowski spacetime with coordinates xµ (µ = 0, 1, · · · , d− 1),
in which the CFT is defined. The factor eµQB in the expectation value in (2.7)
means that the vector field Aa has a non-vanishing background proportional to µ
for z → 0 [26–28].
The background (3.12) is invariant under the transformations (3.4) when ξa is a
Killing vector of AdS. As in [13] we use the Killing vector
ξa∂a = −2pi
R
(t− t0)
[
z∂z + (x
i − xi0)∂i
]
+
pi
R
[
R2 − z2 − (t− t0)2 − (xi − xi0)2
]
∂t,
(3.13)
which approaches to the d-dimensional Killing vector corresponding to time transla-
tion of the hyperbolic cylinder at the boundary z = 0. When we use the gauge field
Aa itself instead of the field strength Fab, we also need to consider a compensating
U(1) gauge transformation. To find it we note that the transformation of the gauge
field in (3.4) can be rewritten as
δξAa = ξ
bFba + ∂a (ξ · A+ ξ) . (3.14)
Therefore, the gauge field Aa with Fab = 0 is invariant when we choose the U(1)
gauge transformation parameter as
ξ = µ′ − ξ · A, (3.15)
where µ′ is an arbitrary constant. Later we will choose this constant as µ′ = µ,
where µ is the chemical potential appearing in the entanglement first law (2.6).
We can now construct a (d − 1)-form χ from the bulk fields which gives each
side of the entanglement first law (2.6) as∫
B
χ = δ 〈HB〉 − µδ 〈QB〉 ,
∫
B˜
χ = δSB(µ). (3.16)
Here, B is the ball-shaped region of radius R centered at xi = xi0 on a time slice
t = t0 in d-dimensional Minkowski spacetime at the boundary z = 0:
B = {(z, xµ) | t = t0, z = 0, (xi − xi0)2 ≤ R2}. (3.17)
B˜ is the extremal surface in the bulk which has the same boundary as B and is
homologous to B. B˜ has the extremal area with respect to the background metric
(3.12) and turns out to be a hemisphere
B˜ = {(z, xµ) | t = t0, (xi − xi0)2 + z2 = R2}. (3.18)
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The desired (d− 1)-form is given by
χ = δQ− 1
16pi
vbξcbc, (3.19)
whereQ and va are given in (3.10) and (3.3). The transformation parameters ξa and
ξ are those in (3.13) and (3.15) with µ′ = µ. δ denotes variations of the fields gab, Aa
with the transformation parameters ξa, ξ fixed. In the following we will show that
this χ indeed satisfies (3.16). We impose a gauge condition on the perturbations of
the fields as
δgzz = 0, δgzµ = 0, δAz = 0. (3.20)
First, let us examine the integral over B of the first equation in (3.16). Using
(3.12), (3.13), (3.15) we find∫
B
χ =
∫
dd−1x
[
dld−3
16R
{
R2 − (xi − xi0)2
}
δg
(d−2)
00 + (d− 2) ld−3µ δA(d−2)0
]∣∣∣∣
z=0
,
(3.21)
where we have put
δgµν(x, z) = z
d−2δg(d−2)µν (x), δAµ(x, z) = z
d−2δA(d−2)µ (x) (3.22)
for z → 0 so that (3.21) takes a finite value. By the holographic renormalization
[37, 38] δg
(d−2)
µν and δA
(d−2)
µ are related to the one-point functions of the energy-
momentum tensor Tµν and the current Jµ of the CFT as
δ 〈Tµν〉 = dl
d−3
16pi
δg(d−2)µν , δ 〈Jµ〉 = (d− 2) ld−3δA(d−2)µ . (3.23)
The first relation in (3.23) was already used in [11, 13]. The second relation is
obtained in appendix A. Substituting (3.23) into (3.21) we obtain∫
B
χ =
∫
B
dd−1x
[
2pi
R2 − (xi − xi0)2
2R
δ 〈T00〉 − µδ
〈
J0
〉]
. (3.24)
Using (2.8), (2.4) we find that the first equation in (3.16) is indeed satisfied.
Next, let us examine the integral over B˜ of the second equation in (3.16). Using
(3.12), (3.13), (3.15) we find∫
B˜
χ =
∫
B
dd−1x
[
ld−3
8Rzd−2
(
R2δij − (x− x0)i(x− x0)j
)
δgij
+
ld−3
zd−3
µ
(
δFz0 +
(x− x0)i
2z
δFi0
)]∣∣∣∣
z=
√
R2−(xi−xi0)2
. (3.25)
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As was shown in [11,13] the first term is the variation of the Ryu–Takayanagi formula
proportional to the area A of the extremal surface for the metric gab + δgab. The
second term is an additional contribution depending on the gauge field. If we assume
that the charged entanglement entropy is given by‡
SB(µ) =
1
4
A− µ
∫
B˜
∗F , (3.26)
where ∗F is the Hodge dual of F , then the second equation in (3.16) is satisfied.
Thus, we have shown that χ in (3.19) satisfies (3.16) assuming that the charged
entanglement entropy is given by (3.26). The entanglement first law (2.6) then
requires
0 =
∫
B˜
χ−
∫
B
χ =
∫
Σ
dχ, (3.27)
where Σ is the region enclosed by B˜ and B on the time slice t = t0 satisfying
∂Σ = B˜ −B. The exterior derivative of χ in (3.19) is found to be
dχ =
(
− 1
8pi
δEabξb + µδE
a
)
a, (3.28)
where δEab and δE
a are variations of Eab and E
a in (3.3):
δEab =
1
2
(∇c∇aδgbc +∇c∇bδgac −∇2δgab − gcd∇a∇bδgcd)
− 1
2
gab
(∇c∇dδgcd − gcd∇2δgcd)+ d
l2
δgab − d
2l2
gabg
cdδgcd,
δEa = gab∇cδFcb. (3.29)
δEab = 0 and δE
a = 0 are the linearized field equations around the background
(3.12).§ Substituting (3.28) into (3.27) we obtain∫
Σ
dzdd−1x
(
g00δE00ξ
0 − 8piµδE0) = 0, (3.30)
where we have used the fact that only the time components of ξa and a are non-
vanishing on Σ. By requiring that this condition holds for arbitrary R, xi0, t0 and
‡The entanglement entropy of this form was previously used as an order parameter that dis-
tinguishes various phases of field theories [39]. We thank Juan F. Pedraza for informing us of this
work.
§The on-shell closed form χ may be understood as a calibration [40]. We thank Eoin O´ Colga´in
for pointing it out to us.
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µ we obtain the local conditions δE00 = 0, δE
0 = 0 (See appendix A of [13]).
Moreover, requiring it for any frame of reference we obtain δEµν = 0, δE
µ = 0
(µ, ν = 0, 1, · · · , d− 1).
In [13] it was shown that the remaining gravitational equations δEzµ = 0 and
δEzz = 0 are obtained from δEµν = 0 and the tracelessness and the conservation of
the CFT energy-momentum tensor Tµν in (2.1). Similarly, δEz = 0 can be obtained
as follows. From the identity ∇aEa = 0 and the field equation δEµ = 0 derived
above we obtain
0 = ∇a
(
gabδEb
)
=
zd+1
l2
∂z
(
z−d+1δEz
)
. (3.31)
Therefore, we find
δEz = z
d−1C(x), (3.32)
where C(x) is an unknown function of xµ. Using (3.22) and (3.23) we find
C(x) = z−(d−1)δEz
∣∣
z=0
= − z
3−d
l2
ηµν∂µ∂zδAν
∣∣∣∣
z=0
= −l−(d−1)δ 〈∂µJµ〉 = 0, (3.33)
where we have used the conservation of the CFT current in (2.1). Therefore, we
find δEz = 0. To summarize, we have obtained all the components of the linearized
field equations δEab = 0, δE
a = 0 from the entanglement first law.
4. Antisymmetric tensor field
The discussion in the previous sections for a vector field can be generalized to the
case of an antisymmetric tensor field. To derive the linearized field equation of an
antisymmetric tensor field we consider a CFT in d-dimensional Minkowski spacetime,
which has an energy-momentum tensor Tµν and an n-th rank antisymmetric tensor
current Jµ1···µn satisfying
∂µT
µν = 0, Tµ
µ = 0, ∂µ1J
µ1···µn = 0. (4.1)
As in section 2 we introduce a density matrix
ρB(µ) =
e−HB+µi1···in−1Q
i1···in−1
B /(n−1)!
trB(e
−HB+µi1···in−1Q
i1···in−1
B /(n−1)!)
, (4.2)
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where Q
i1···in−1
B =
∫
B
dd−1xJ0i1···in−1 is the charge operator in B and µi1···in−1 is a
constant. The charged entanglement entropy is defined as in (2.5). It satisfies the
entanglement first law
δSB(µ) = δ 〈HB〉 − 1
(n− 1)! µi1···in−1δ
〈
Q
i1···in−1
B
〉
. (4.3)
The (d+1)-dimensional bulk theory dual to this CFT consists of the gravitational
field gab and an n-th rank antisymmetric tensor field Aa1···an . The Lagrangian is given
by
L = 1
16pi
√−g
(
R +
d(d− 1)
l2
)
− 1
2(n+ 1)!
√−gFa1···an+1F a1···an+1 , (4.4)
where the field strength is defined as
Fa1···an+1 = (n+ 1)∂[a1Aa2···an+1]. (4.5)
Under general variations of the fields the Lagrangian changes as
δL = 1
16pi
√−g
(
δgabEab +
16pi
n!
δAa1···anE
a1···an +∇ava
)
, (4.6)
where
Eab = Rab − 1
2
gabR− d(d− 1)
2l2
gab − 8piT bulkab ,
Ea1···an = ∇bF ba1···an ,
T bulkab =
1
n!
[
Fac1···cnFb
c1···cn − 1
2(n+ 1)
gabF
2
]
,
va = ∇bδgab − gcd∇aδgcd − 16pi
n!
Fa
c1···cnδAc1···cn . (4.7)
Eab = 0 and E
a1···an = 0 are the field equations of gab and Aa1···an respectively with
T bulkab being the energy-momentum tensor. Under general coordinate transformations
and antisymmetric tensor gauge transformations
δξgab = ∇aξb +∇bξa,
δξAa1···an = ξ
b∂bAa1···an + n∂[anξ
bAa1···an−1]b + n∂[a1ξa2···an]
= ξbFba1···an + n∂[a1 (ξ · A+ ξ)a2···an] , (4.8)
the Lagrangian is invariant up to a total divergence as in (3.5).
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We split the fields into a background and small perturbations around the back-
ground: gab → gab+ δgab, Aa1···an → Aa1···an + δAa1···an . The background is a solution
of the field equations Eab = 0, E
a = 0 and is given by the AdS metric gab in (3.12)
and Aa1···an satisfying Fa1···an+1 = 0. This background is invariant under the local
transformations (4.8) when ξa is the Killing vector (3.13) and the gauge transfor-
mation parameter is
ξa1···an−1 = µa1···an−1 − ξbAba1···an−1 , (4.9)
where µa1···an−1 is a constant.
The (d−1)-form χ which satisfies the analog of (3.16) is given by the same form
as (3.19), where va is now given in (4.7) and Q is
Q =
[
− 1
16pi
∇bξc − 1
2(n− 1)! µa1···an−1F
a1···an−1bc
]
bc. (4.10)
We impose a gauge condition on the perturbations of the fields as
δgzz = 0, δgzµ = 0, δAzµ1···µn−1 = 0. (4.11)
Integrating χ over B we obtain∫
B
χ =
∫
dd−1x
[
dld−3
16R
{
R2 − (xi − xi0)2
}
δg
(d−2)
00
+
d− 2n
(n− 1)! l
d−2n−1µi1···in−1δA(d−2n)0 i1···in−1
]
= δ 〈HB〉 − 1
(n− 1)! µi1···in−1δ
〈
Q
i1···in−1
B
〉
, (4.12)
where we have defined
δAµ1···µn = z
d−2nδA(d−2n)µ1···µn (4.13)
for z → 0 and used the result of the holographic renormalization
δ 〈Jµ1···µn〉 = (d− 2n) ld−2n−1δA(d−2n)µ1···µn (4.14)
discussed in appendix A. On the other hand, integrating χ over B˜ we obtain∫
B˜
χ = δSB(µ), (4.15)
where
SB(µ) =
1
4
A−
∫
B˜
µ ∧ ∗F . (4.16)
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We assume that this SB(µ) corresponds to the charged entanglement entropy in
(4.3). As in the case of the vector field it contains a term depending on the anti-
symmetric tensor field in addition to the Ryu–Takayanagi formula 1
4
A.
The entanglement first law (4.3) requires (3.27) with this χ. The exterior deriva-
tive of χ is found to be
dχ =
[
− 1
8pi
δEabξb +
1
(n− 1)! µb1···bn−1δE
ab1···bn−1
]
a, (4.17)
where δEab is given in (3.29) and
δEa1···an = ga1b1 · · · ganbn∇cδFcb1···bn . (4.18)
δEab = 0 and δEa1···an = 0 are the linearized field equations. By requiring (3.27) for
arbitrary R, xi0, t0 and µa1···an−1 in any frame of reference we obtain d-dimensional
components of the linearized field equations δEµν = 0, δEµ1···µn = 0. Furthermore,
the remaining components δEzµ = 0, δEzz = 0, δEzµ1···µn−1 = 0 are obtained from the
tracelessness and the conservation of the energy-momentum tensor and the current
(4.1) as in the case of a vector field. Indeed, from the identity ∇a1Ea1···an = 0 and
the field equation δEµ1···µn = 0 we find
δEzµ1···µn−1 = z
d−2n+1Cµ1···µn−1(x), (4.19)
where Cµ1···µn−1(x) is an unknown function of x
µ. Using (4.13) and (4.14) we find
Cµ1···µn−1(x) = z
−(d−2n+1)δEzµ1···µn−1
∣∣
z=0
= −l−(d−2n+1)δ 〈∂νJνµ1···µn−1〉 = 0 (4.20)
and therefore δEzµ1···µn−1 = 0. Thus, we have obtained all the components of the
linearized field equations of gab and Aa1···an .
5. Conclusions
In this paper we have shown that the linearized field equations of vector and
antisymmetric tensor gauge fields as well as the gravitational field can be derived
from the entanglement first law of a CFT with a conserved current. To rewrite the
first law in terms of the bulk fields we followed the approach of [13] and made use of
the Noether charges of symmetry transformations. We considered the gauge trans-
formations of the vector and antisymmetric tensor fields as well as the coordinate
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transformation. This allows us to obtain the linearized field equations of the gauge
fields. We found that the bulk representations of the charged entanglement entropy
(3.26), (4.16) contain the extra terms depending on the gauge fields in addition to
the Ryu–Takayanagi formula.
The approach in this paper to derive linearized field equations from the entan-
glement first law may be further generalized to other bulk fields related to local
symmetries. For instance, the field equation of a Rarita–Schwinger field may be
derived from the entanglement first law by considering the local supersymmetry.
On the other hand, it is not clear how to derive field equations of bulk fields such as
scalar and spinor fields, which are not related to local symmetries. This is an open
problem to be studied in future.
A. Holographic renormalization
In this appendix we briefly discuss the holographic renormalization [37, 38] of an
n-th rank antisymmetric tensor field Aa1···an in d+ 1 dimensions. We will obtain the
formula (4.14) for the one-point function of the CFT current Jµ1···µn used in the text.
The case of a vector field (3.23) can be obtained by setting n = 1. The Lagrangian
of the antisymmetric tensor field is
L = − 1
2(n+ 1)!
√−g Fa1···an+1F a1···an+1 , (A.1)
where Fa1···an+1 is the field strength (4.5) and gab is the AdS metric in (3.12). We
use the gauge condition Azµ1···µn−1 = 0.
The solution of the field equation derived from this Lagrangian can be expanded
for small z as
Aµ1···µn(x, z) = A
(0)
µ1···µn(x) + z
2A(2)µ1···µn(x) + · · ·
+ zd−2nA(d−2n)µ1···µn (x) + z
d−2n log z2B(d−2n)µ1···µn (x) + · · · , (A.2)
where B
(d−2n)
µ1···µn = 0 when d is odd. The field equation gives relations among the
coefficients functions. The coefficient functions A
(m)
µ1···µn (m < d − 2n) and B(d−2n)µ1···µn
are determined as local functions of A
(0)
µ1···µn by the field equation. In the AdS/CFT
correspondence A
(0)
µ1···µn plays a role of the source of the CFT current Jµ1···µn , while
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A
(d−2n)
µ1···µn is related to the one-point function of the current and represents a CFT
state [41, 42].
According to the AdS/CFT correspondence the generating functional of con-
nected correlation functions of the CFT current is given by the classical action
evaluated at the solution satisfying the Dirichlet boundary condition Aµ1···µn(x, z =
0) = A
(0)
µ1···µn(x) [2,3]. Since the integral over z in the action is divergent near z = 0,
we need to regularize it and subtract divergences. We regularize the action integral
as
Sreg =
∫
z>
dzddxL
= − 1
2(n+ 1)!
∫
z>
dzddx
(
l
z
)d−2n−1
Fa1···an+1F
a1···an+1 , (A.3)
where  is a small cut-off parameter. Here and in the following the raising and
lowering of indices are done by the flat metric ηab. By integration by parts and
using the field equation we can rewrite the regularized action as a d-dimensional
integral at z = 
Sreg =
1
2n!
(
l

)d−2n−1 ∫
z=
ddxAµ1···µn∂zAµ1···µn . (A.4)
Substituting the expansion (A.2) into this action we find that it contains a finite
number of divergent terms, which are local functionals of A
(0)
µ1···µN (x, ). To remove
the divergences we introduce a counterterm
Sct =
∫
z=
ddxLct, (A.5)
where Lct is a local function of A(0)µ1···µn(x, ). This counterterm is chosen such that
the renormalized action
Sren = lim
→ 0
(Sreg + Sct) (A.6)
is finite. We note that there is an arbitrariness of adding finite terms to the coun-
terterm.
The one-point function of the current is then given by
1
n!
〈Jµ1···µn(x)〉 =
δSren
δA(0)µ1···µn(x)
= lim
→ 0
δ(Ssub + Sct)
δAµ1···µn(x, )
. (A.7)
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Here, we have assumed that the coupling of the gauge field to the current in the
CFT Lagrangian has the normalization LCFT = · · · + 1n!A(0)µ1···µnJµ1···µn . Using the
regularized action in the form (A.4) we find
δ(Ssub + Sct)
δAµ1···µn(x, )
=
1
n!
(
l

)d−2n−1
∂zAµ1···µn(x, z)|z= +
δSct
δAµ1···µn(x, )
−−→
→ 0
1
n!
(d− 2n) ld−2n−1A(d−2n)µ1···µn (x) +
1
n!
Xµ1···µn(A
(0)), (A.8)
where Xµ1···µn(A
(0)) is a function of A
(0)
µ1···µn , which depends on a renormalization
scheme. Substituting (A.8) into (A.7) we obtain
〈Jµ1···µn(x)〉 = (d− 2n) ld−2n−1A(d−2n)µ1···µn (x) +Xµ1···µn(A(0)). (A.9)
Taking a variation of the CFT state corresponds to a variation of A
(d−2n)
µ1···µn keeping
A
(0)
µ1···µn fixed [41,42]. Thus, we obtain (4.14) (and (3.23) for n = 1) in the text.
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